Abstract-The gain of a multipath propagation scenario is addressed by this work and it is shown that the convergence to the Rayleigh distribution depends on some conditions on the path gains, which are not always satisfied. These conditions confirm the convergence to the Rayleigh distribution for some well known scenarios. However, counter-examples are also exhibited where this convergence does not hold. Furthermore, the role of the Central Limit Theorem (often advocated in the literature to prove convergence to the Rayleigh distribution) is critically discussed by showing that the Lindeberg condition may not hold. Finally, it is shown that the amplitude and phase of the asymptotic gain are independent and the phase is uniformly distributed over [0, 2π).
I. INTRODUCTION
R AYLEIGH fading is a landmark characterization for multipath channels. The ubiquitous application of this model plays a fundamental role in wireless communications but its validity can be questioned in some cases. A mathematical model equivalent to Rayleigh fading was introduced by Rice in 1944 [1] , where he showed that the noise current can be interpreted as the superposition of a large number of independent complex components leading to an uncorrelated complex Gaussian distribution. In the paper the author mentioned that the result holds under general conditions, whose validity was not discussed therein. More recently, the concept of Raylegh fading was developed for wireless communications (see [2, Sec. 1.1.1]). The complex baseband representation of the multipath gain amplitude is defined as the sum of N independent random variables, each of them representing a random path gain amplitude α N,i with an independent random phase shift N,i :
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The author is with the Politecnico di Torino (DET), corso Duca degli Abruzzi 24, 10129 Torino, Italy (e-mail: gtaricco@ieee.org). Then, we provide necessary and sufficient convergence conditions for deterministic path gain amplitudes (Theorem 1) and only sufficient conditions for random path gain amplitudes (Theorem 2). Next, numerical counter-examples illustrate the non-Rayleigh convergence of |A N | in some multipath scenarios. Finally, Theorem 3 from the Appendix shows that the multipath gain amplitude and phase are independent, with the phase uniformly distributed over [0, 2π).
II. CHARACTERIZATION OF THE MULTIPATH GAIN
Focusing on (1), it is often assumed that, as the number of paths N → ∞, the multipath gain A N converges in distribution to a circularly symmetric complex Gaussian random variable with zero mean and variance equal to
The CLT is often invoked [2] - [4] to support the claim, recently in the Lindeberg-Feller form [5, App. 5.A]. However, the following remarks are in order.
• The Lindeberg condition may not hold, as we can see by an example based on random path gain amplitudes.
• Convergence conditions for the multipath gain can be derived, as reported in Theorems 1 and 2.
• Numerical examples show that the limit distribution of |A N | may be not Rayleigh (Figs. 1 and 2). 
A. Lindeberg Condition
, for any ε > 0. 2 We show that the Lindeberg condition does not hold for a specific family of random path gain amplitudes. 2 1 A is the indicator function of the event A, equal to 1 when A is true and 0 otherwise. Hereafter, ↓ 0 denotes convergence to 0 from the real positive side. 3 then the Lindeberg condition does not hold.
Proposition 1: If the random path gain amplitudes
Proof: First, we can see that
as N → ∞. The inequality (a) derives from
for x ≥ 1. 4 Since lim ε↓0 η(ε) < 1, by assumption, the first term in the positive-term sum (3) converges to a positive value, as the overall sum. This implies that the Lindeberg condition is not satisfied in this case.
III. CONVERGENCE THEOREMS
The convergence of |A N | to the Rayleigh distribution can be characterized by the following theorems:
Theorem 1: The multipath gain A N defined in (1) with deterministic α N,i converges in distribution to N c (0, σ 2 A ) if and only if the following conditions hold:
Proof: Let the characteristic function of A N be
3 This condition is satisfied if the distribution of α N,1 does not have a mass in 0. 4 Proof sketch: Setting u = x 2 − 1 in (5), the inequality becomes equivalent
+ 2 arctan(u), and φ (u) = 4/(u 2 + 1) 2 , all of which
where ω = (ω 2 1 + ω 2 2 ) 1/2 . By the series expansion (see [9, 8.441 .1] for the expansion of J 0 (x))
which contains only the even powers of x, we obtain:
Then, since the coefficient of ω 2m is proportional to 
Conditions (10) are implied by the stronger assumption
with probability 1. Proof: As in the proof of Theorem 1 we get the characteristic function of A N as
where ω = (ω 2 1 + ω 2 2 ) 1/2 . Again, we resort to the equivalence of convergence in distribution and convergence of the characteristic functions [8, Th. 26.3] . Thus, the convergence of
where
Now, after some algebra and resorting to the series expansion in [9, 8.441 .1], we get:
Notice that the coefficients in the series expansion contain products of terms [α 2m ] where the weighted sum of the moment degrees is always constant and equal to the degree of ω. Then, we can see that applying conditions (10) implies that the coefficient of ω 2n is O(N −n ) for n ≥ 2 (the coefficient of ω 2 is 0). Finally, the coefficients of ω 2n (for n ≥ 2) in
, which confirms the validity of the limit (13).
The following examples illustrate possible applications of Theorem 1.
• If α N,i = N −1/2 , i = 1, . . . , N we have the sum of an infinite number of sinusoids (Jakes' Rayleigh fading simulator) converging to the Rayleigh distribution. Theorem 1 can be applied by noting that
which satisfy the conditions (6) of the theorem.
where ζ(s) is the Riemann zeta function [9, 9 .522] and the result is positive for every integer m ≥ 1. Then, conditions (6) of Theorem 1 are not satisfied and A N does not converge to the Rayleigh distribution.
which is positive for every m = 1, 2, 3, . . ., and again A N does not converge to the Rayleigh distribution.
The following result characterizes all the probability distributions considered before:
Corollary 1: The multipath gain A N defined in (1) has independent magnitude and phase and the phase is uniformly distributed over [0, 2π).
Proof: Since the characteristic function of A N , N (ω 1 , ω 2 ), depends only on ω = (ω 2 1 + ω 2 2 ) 1/2 , the result follows from Theorem 3 of the Appendix.
IV. NUMERICAL RESULTS
To corroborate our results we consider two multipath scenarios which, although being mathematically constructed and seemingly artificial, can actually occur in practice under suitable scattering conditions.
The first scenario is characterized by the path gains α N,i = β N /i for i = 1, . . . , N, normalized so that Fig. 1 reports the pdf of |A N | for several values of N, calculated by using (19) from Theorem 3. We can notice the differences with the Rayleigh distribution.
The second scenario considers the path gains given by Fig. 2 reports the pdf of |A N | for different values of α (0.3, 0.5, 0.8) and N (10 and 30). We notice that there are no visible differences depending on N, so that the plots illustrate the asymptotic distribution (N → ∞) with good accuracy. The more striking evidence from Fig. 2 is given by the remarkable differences with the Rayleigh distribution in the cases α = 0.3 and 0.5, where the pdf exhibits multimodal behavior.
V. CONCLUSION
Investigating the convergence of the multipath channel gain, we showed that the CLT is not always applicable because the necessary but not sufficient Lindeberg condition does not hold in general (see Proposition 1). Two convergence conditions have been found (Theorems 1 and 2) concerning the deterministic and random path gain amplitude cases. The former provides necessary and sufficient convergence conditions, the latter provides sufficient conditions. Finally, it is shown in the Appendix that the multipath gain amplitude and phase are always independent (Theorem 3), with the phase uniformly distributed over the interval [0, 2π). The multipath gain amplitude pdf is expressed by a simple one-dimensional integral.
APPENDIX A INDEPENDENCE OF PHASE AND MAGNITUDE
We provide a simple general result applicable to the multipath gain amplitudes considered in Section IV. 
Proof: We write Z by its magnitude and phase components: Z = Re j , where R ≥ 0 and ∈ [0, 2π). Then, we define the joint pdf's f XY (x, y) and f R (r, θ), so that f R (r, θ) = rf XY (r cos θ, r sin θ).
Now, we define ϕ as the phase of ω 1 + jω 2 in [0, 2π), so that ω 1 + jω 2 = ωe jϕ . Thus, 
Since the joint pdf f R (r, θ) depends only on r, it can be split in the product of the marginal pdf's of R and , the phase being uniform over [0, 2π), so that the proof of the statement in the theorem is complete.
